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Abstract. It is shown that a twistor spinor on a Riemannianmanifold definesa
conformal deformation to an Einsteinmanifold. Twistor spinors on 4-manifolds
are considered. A characterisation of the hyperbolic space is given. Moreover
the solutions of the lwistor equation on warpedproductsM~x IR, whereM~is
an Einsteinmanifold, are described.

We studyn-dimensionalRiemannianspin manifolds (M’~,g), n ~ 3, admitting

non-trivial twistor spinors. A twistor spinor is a spinor field ,,li E ~(S~satisfying

the differential equation

V~~+—X-D~=O

for all vectorfields X.

The presentpaper is relatedto investigationsby Th. Friedrich (131) and A.
Lichnerowicz([7, 8]).

In the first sectionwe introduce some notationsand give a short summary

of previousresults.
In Section 2 we show that a Riemannianspin manifold, which admitsa solu-

tion i~’ of the twistor equationsatisfyingC~ + Q~> 0, is conformally equiva-
lent to an Einstein manifold with positive scalarcurvature,where any twistor
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spinor is conformally equivalentto the sum of two real Killing spinors.On the

otherhand,for a Rieniannianspin manifoldM” with a twistorspinor ~i satisfying
C, = = 0 we obtain that M” \ \~, is conformally equivalentto a Ricci-flat

spaceand i,Li ~,,, ~ becomesa parallel spinor field. Here C and Q, are real
constantsdepending~on ~i and ~V denotesthe zero set of ~i. We note that the

result for the secondcasecan also be deducedfrom Proposition6 in [3J. Similar

results can be found in papersof A. L.ichnerowicz concerningtwistor SpiflOrs

(see[9. 101).
In Section 3 we study twistor spinors on 4-manifolds and give informations

concerningthe dimensionof the kernel of the twistor operator ~ on connected

andsimply connectedRiemannian4-manifolds.

In Section4 we prove

PROPOSITION- Let (41” q ), ii ~‘ 3, be a completeconnectedspin manifold. I’~r-

thermore, let (114” , q ) be an Einstein manifold wit/i non-positivescalar curvature

R ~ 0. Supposethat i~i ~ 0 is a non-parallel twistor spinor on 41” such that

the ,fiinctio,i f 41” —~ [0, on ) defined by f(x) = (i,Li(x). ,L(x)), x E 41”, attaiu.s

a minimum.

Then

(1) If R < 0, then (41” . q ) is isometric to thehyperbolic space wit/i sectional

curvatureR/(n( 1)).

Iii) If R = 0, then (M” . q) is isometric’ to the space JR” wit/I the standard

metric’.

In the last section we describethe solutions of the twistor equation on the

warped product (41 x JR. f2(t) g ~ dt ) for an Einstein manifold (.44. q) and a

functionf: JR -~ (0, on)

Furthermore,we give examplesof warped productsadmitting twistor spinors

with an arbitrarynumberof zeros.

The author thanks Th. Friedrich for introducing to the subject and helpful

cornments -

- NOTATIONS AND PREVIOUS RESULTS

Let (M”, g) be a n-dimensionalRiemannianspin manifold, ii ~ 3, and let S

be the spinor bundle of (M”, g) equippedwith the standardhermitian inner

product K , ‘. Denoteby V~thecovariantderivativeon thespinor bundle induced

by the Levi-Civita connection~ on M” -

A twistor spinor on (41”. q) is a spinor field ~‘ E F(S) solving the differential

equation
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~ + — X’ D~= 0

for all vector fields XE F (TM”), whereD denotesthe Dirac operatorandX ~‘

expressesthe Clifford multiplication of the vector field X by the spinor field

~. It is well-known that a spinor field i,li E r(s)~is a twistor spinor if and only

if the expressionX - V~,li does not depend on the vector field X, where

X I. A spinor field ij E F(S) satisfying the differential equation

9, i4i =XX- ~‘

for all X E F (TM”), where X E ({, is called Killing spinor.Any Killing spinor
is a twistor spinor.

The twistor equationcharacterizesthe kernelKer ~ of the twistor operator
• ~ is a conformallyinvariant operator,i.e. if ~ = Xg is a conformalchange

of themetric and — S -~ S denotesthenaturalisomorphismof the spin bundles

then ~i E Ker ~ if and only if X~”4~1iE Ker ~. In addition to the conformal

invariance of the operator ~ the existenceof non-trivial twistor spinorsforces

propertiesof the conformal structureof the manifold. If we considertheWeyl
tensor W of the Riemannianmanifold as a 2-form with valuesin the bundle

End(S),thenwe obtain Wt,Li = 0 for anytwistorspinor iii.

On the spaceKer ~ of all twistor spinorsthe expressionC
4 = Re (Di,Li, i,li

is an invariantof ordertwo and

~

wherec1,.., e is an orthonormalframe on M”, is aninvariantof orderfour.

In our paperwe will essentiallyuse this fact to studytwistorspinors.
Further,if iJl E Ker~ then

Rn
(1.1) D

2~i= —

4(n — 1)

and

(1.2) 9,(D~)=_L(X).~, XEF(TM”)

whereL denotesthe (1,1)-tensordefinedby

X--Ric(X) , XETM”
n—2 2(n—l)
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In the case that the manifold (114” . q I is an Einstein nianifold we havesome

more informations. It is easy to prove that if (41”, q I is an Einsteinmanifold.

thenD(Ker ~/) C Ac’r ~4.

Moreover, the (1.1)-tensor L is given by L = R/(2mi(mi 1)) id. Finally

we remark that X . ~i. 1’ ~) = q(X Y) J ~ for all vector fieldsX and I where

• ) denotesthe real partof K ,
We refer to [3, 7, 8] for more details.

2. THE CONFORMAL DEFORMATION TO AN EINSTEIN MANIFOLD
DEFINED BY A TWISTOR SPINOR

We start our considerationconcerning theconformal structureof Riemannian

spin manifolds, which admit a non-trivial solution of the twistor equation. with

PROPOSITION 2.1 . Let (41” . q ) be a n-dimensionalRie~’nannianspin manifold.

ii ~ 3, wit/i a twistor spinor ~i. I . Then (M” , cj ) is an Einstein manifold

i.’it/I non-nc’gatire scalar curvature

4(ii 1)
(C2 +

Ii

Proo. We choose a local orthonormal frame c’ . on 1I~1”. Since ~‘ is a

twislor spinor. we have

V5 ~ = e

and

V5(D~)= — L(e
1) ‘~

for! = I n.

(‘onsequently

(2.1) — KI.(e1) ~, e. ‘~)=(7
5(D~),e. .

= c,.( K Ifo. e
1 - ~)) -- K D~.e1 V~.~>

Becauseol’~~ I wehave0=XK~i.~)= 2(V~.~,=—2/n(XD~.~)

for X C I’) TIP’).
Hence
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(2.2) (e1’Di/i,ij’)=Oforj=l n

Thereal partof equation(2.1) yields

—L11I~I
2=—(D~,e

1.V~)=

=_(ei.D~,_ej.D~)=—g~1—lD~I
2,

i.e. L.
1 = — 2/n

2 ci~I D~i12
Equation(2.2)implies~~ 2 = (D2 i,li, i,li), from which[ D~I~= Rn/(4(n — 1))

follows.
ThusL~

1= — R/(2n(n — 1)) g11, which is equivalentto Ric = R/n g.

Consequently, (M”, g) is an Einstein manifold and, applying Dij’ 2 =

= Rn/(4(n — l))~ 0, the scalar curvature R is non-negative. The identity
R = (4(n — l))/n (C~+ Q) is provedin [3’l. -

PROPOSITION 2.2. Let (M”, g) be a n-dimensionalRiemannianspin manifold,

n ~ 3. Supposethat (M”, g) is an Einstein manifold with non-vanishingscalar

curvatureR ~ 0. Then

(i) If R > 0 then any twistor spinor is the sum of two real Killing spinors.

(ii) If R <0 thenany twistorspinor is the sum of two imaginaryKilling spinors.

I.e. Ker ~ = K+ e K_ where

l’R
K =~ E F(S) :9, ~ = —v

2 n(n — 1)

for all vectorfieldsX}and

hR
K =~EJ’(S):9,~=——I/ X-~Li

2~n(n—l)

for all vector fieldsXJ

Proof Let i~ibe a non-trivial twistbrspinor onM”. We consider

2 n—l

and

l/-~--
~+D’,1i.2 n—l



4 ~4 KATHARINA IlAB1~RMANN

Using forinul a ( 1 .2). we see

9 .~ I

and

= ~~lJ

for all vectoi’ fields k.

Hence ~ and ~i, are real Killing spinors, if R > 0 and imaginary Killing

spinors. if R <0.

On theother hand,we have

ii I
l~J= ~ H U

LE\1 NI A 2.3. L d’t (41” , p 1 be a n—dimensionalRiemnannianspin mnamufold, ii ~ 3,

with a twistor spinor ‘~i. i,Li 1 . If’ (41”. p I is a Ric’ci—tiat space,i.e. an Einstein

oianifolcl wit/i vanishingsea/ar curvature R = 0. then i~iis a parallel .s’pinor field.

Proof. As in the proof of Proposition 2.1 we have 2 = Rn(4(mi 1)).

SinceR = 0. tlus implies t)i4i 0.

We conclude9. ~ = — 1/mi X 1fi~= 0 for all XE F(T44”),

Consequently.~ is a parallel spinor field.

In the following we denoteby .V, thezero set of thespinor ~i.

(‘OROLLARY 2.4. Let (41”. q) be a n-dimnc’nsionalRiemnaminian spill mmianijolcl.

ii <3, nil/i a non-trivial twistor spinor ~i andset ~= 1/~~I ~ci
Then (41” \ .\‘, , ~) is an Einsteinmanifold with lion-negativescalar curvature

4(mz 1
R=

n

If’ C’~ + Q, > 0, tliemi X = 0 and Ker .~ transformas into Ker ~/ - where

Kc’r ~/ = K
5 + K . If’ (‘2 + Q, = 0, then l~ i/il ~ is a parallel ,s’pinor field

0/1(111” \.V~,q).

Proofi The Rieniannian metric ~ = I/f ic p hasconstantand non-negative

scalarcurvature
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— 4(n—l)
R = (C~ + Q4 ) (seeTheorem 1 in [3]).

n

Furthermore,I/I I i~ is a unit twistor spinor with respectto the metric ~.

The relationN = ~ for C~ + > 0 is obviously. Now the assertionfollows

from Proposition2.1, 2.2 andLemma2.3.

3. TWISTOR SP1NORSON 4-MANIFOLDS

Let (M
4, g) be a 4-dimensionaloriented Riemannianspin manifold.Because

M4 is even-dimensional,the spinorbundleS splits into two orthogonalsubbundles

S = S + W S’ correspondingto the irreducible componentsof the Spin (4)-
representation.Denoteby ~j,= ~+ + ~i the induceddecompositionof a spinor
field ~pE F(S). Let W be theWeyl tensorof the RiemannianmanifoldM4, which

we will consideras a 2-form with valuesin the bundleEnd(S) (see [3]). Denote

by W,~, and W the componentsof W correspondingto the decomposition
S=S” nS”.

Now supposethat k1~ = ~ + vi” is a twistorspinor. Then ~ and i,1i are

twistor spinors too. Furthermore,recall that Wili = 0. Thus, ‘,ti 0 implies
W 0, and analogously~ 0 forces W,~, 0. Especially,if we have twistor

spinors in F(S~)as well as in F(S’), then the Riemannianmanifold (M4, g)

is locally conformallyflat.

Furthermore,we know that the complex dimensionof Ker ~ for a connec-

ted and simply connectedRiemannianspin manifold (M4, g) with W 0 is 8.
Moreover, dimeKer ~ < 8 holds on a connectedRiemannian4-manifold (see
[3]). In this section we will derive further informations concerningthe dimen-

sion of Ker ~ on connectedand simply connectedRiemannian4-manifolds.

PROPOSITION 3.1. If (M4, g) is a 4-dimensionalconnectedandsimply connected

Riemnannianspin manifold, then thefollowing conditionsare equivalent,’

(1) dime Ker ~ ~ 3

(ii) dim a Ker ~ = 8

(iii)W 0.

Proof: It is sufficient to show that dime Ker ~ ~m3 implies W 0. Let

~2’ i~/3be threelinearly independenttwistor spinors.Without lossof generality
we assumethat t,1i~,~2’ ~3 E F(S’ ), HenceW 0. On the densesubsetM4=

= M4 \ N

9 of M
4 we considerthe metric ~ = 1/I ~‘ ~ g. Then~M4,~)is Ricci-

flat and = 1/I I ~ is a parallel spinor.Thus 0, whereD denotes
the Dirac operator of the Riemannian spin manifold (M4, ~). Furthermore,
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I, ~, ~, and = 1/I ~ I i~J3 are twistor spinors onM4 and
C [(S I are linearly independent.Since (414, ~ is Ricci-flat, D~

2 and

are parallel~~pinorfields.
SupposeD~2 Dp, 0. Then ‘ ~ p3 are three linearly independent

parallel spinors in F(S ). This is a contradiction to the fact that we haveat

most two linearly independentparallel spinors in F(S ) on the connected4-
dimensional Rieniannian spin manifold (4J

4 , ~). Therefore,we can assumethat

1~3 ~ 0. Because t;t74. p1 is an Einstein manifold D~

2 C F(S
5 ) is a twis r

spinor too. Thus W
5 0. By the conformal invariance of the Weyl tensorwe

obtain It’ 0 on a densesubsetof 414, HencetheWeyl tensorvanisheson M
4.

PROPOSITION 3.2. If’ (114~,q~is a 4-dimensionalconnectedandsimply connected

Riemnanmnanspin manifold, then thefollost’ing conditions are equivalent;

(i) 1 ~57dilila A’er ~ s7 2
(ii) dl/llff Aer ~ = 2

U one of’ these conditions holds and W 0 (W 0). themiwehaveW ~ 0
(W ~0).

Proof’; Let ~i ~ 0 be a twistor spinor on 414 and W ~ 0. Without loss of gene-

rality we may assumethat ~i C F(S ). This implies W ~ 0 and henceW~~ 0.

On ‘i7~ ‘~- ~I/~\ .\~ we again consider the metric ~ = 1/ ~Li ~i p. Then
= 1/ f ~ti Is a parallelspinor and the curvaturetensorof the Riemannian

manifold (414, q) hasthe form (see[4])

— jW
4, 0

0 0

Considering the curvature tensor.~ as a 3-form with valuesin End(S), the

curvaturetensor~9S of thecovariantderivativeV’~on S is given by

.~9~=—~ for~EF(S).

Thus we have.~9~ I ~ 0. Hence there is a parallelspinor field C F(S

with 1 and K ~, ~ ) 0. It is easyto check than C F(S). definedby

~ (v) = ~(x) I (x) for x C 114~ and

~ (x) = 0 forx C-V

is a secondtwistor spinor on M
4, .
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Examples

We have dime Ker ~ = 8 for conformally flat 4-dimensionalRiemannian

spin manifolds (e.g. the Euchideanspace IR” and the hyperbolic spaceH4).
Thereare two parallelspinorsin F(S’*) for K3-surfaces.Hence,dim~Ker~ =

= 2 holds for a 4-manifold which is conformally equivalentto a K3-surface.

REMARK In addition to the Weyl tensor we have the conformally invariant

Bach tensor on a 4-dimensionalorientedRiemannianmanifold. A lengthy com-

putationshows that the Bach tensoron a 4-dimensionalRiemannianspin mani-

fold with non-trivial twistor spinorsvanishesidentically.

4. COMPLETE CONNECTED EINSTEIN MANIFOLDS
WITH NON-POSITIVE SCALAR CURVATURE
ADMITFING TWISTOR SPINORS

In this sectionwe will prove

PROPOSITION 4. Let (M”, g), n ~‘ 3, be a completeconnectedspin manifold.

Furthermore, let (M”, g) be an Einstein manifold with non-positivescalar cur-

vature R < 0. Supposethat i/i is a non-parallel twistor spinor on M’~such

that the function f ;M” —~ [0, cc) definedby ‘f(x) = (i,D(x), lII(x)),x EM”, attains

a minimum.Then
(i) If R < 0, then (M”, g) is isometric to thehyperbolicspacewith sectional

curvatureR/(n(n — 1)).
(ii) If R = 0, then (M”, g) is isomnetric to thespace IR” with thestandard

metric.

Proof,’ First we considerthe critical points of the functionf. Clearly,x E M”

is a critical pointoff if andonly if X(f) = 2/n (Di,ti, X’ ,li) = 0 for all XE TXM”.

The Hessianoff at a critical point x EM” is givenby

12 R 1
Hessf(X, fl =1 I D~,tiI 2 — 121 g(X, Y),

L n . 2n(n — 1) ~, ~ E TXM”.

It is known (see [31)that if ,,(i ~ 0 is a twistor spinor on M”, then ~‘ andDi,li
do not vanish simultaneously.Thus, R < 0 implies that Hess~fis positive de-

finite.

Now supposethat R = 0.By meansof 9,(Dili)=rn/2L(X) . iP = Oweobtain
that Di,li is a parallel spinor field. HenceI D~i 2 is constant.Because~1iis non-

parallel, I DiJi I 2 > 0 holds, which yields that Hess~fis positivedefmite also in
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le c,i~’ /~‘ ~. lii is shosss that each critical point of.! is non—degenerateand

.1 lon,il iii ii ‘iiiiiil’ at / . In the following we will see that I’ hasat most onecritical

at. .\‘~n’ue that v~and x2 are critical points of! and let d = d(.v1 . .v~) he

tile ,,a,’,sjesieLli~taace at’ v1 and ‘~‘2 ‘ Now we considera minimal geodesicy( 11.

0. fl. (‘reIn v1 to .v2. For the functions lm(t) = fly)!)) = ~(y(t)) 2 and

(I) - l)~(~ 2 alongthe geodesicy we deduce

2 I!
ii ~ —— ‘ LI -‘~—- 11

ii mi(ii - I
(4.1

Ri;
11

4)ii H

Since v and x • are critical points of .1’. we have lm(0) = u(d( = 0. From the

equations (4,11 we derive u = —— R/(n)n H) a 4 .1, where .1 ~ 0 is a real

constant. In the case P < 0 the conditions u(0) -- iflcl( = 0 t’orce (1 ~ ~, i.e.

‘V

ForE 0 ssederlvev~v)0)andu(t) = v(0(//1 ,2 + Br + (‘.

The condition ;i0 = 0 yields B = 0. Since ~ is a non—parallelspinor field.

we have v( H ~ 0. ‘1 bus,from u(c/( = 0 we obtain ii = 0. Hencex =

By theassuiii ption .1 attainsits minimum.

Let v1 C .11” be the unique critical point of j. For .v C 41” denoteby y(t),

I C 0. d)x1 , .V (J. a minimal geodesicfrom .v~to x . Integrating the equations

(4.1) alongy oneobtains

[ 4(n H
.1(v) = [f(.v0L. Ri; I)~i(x11) f -] sinli

R
I — d(,v0..v)) + 1(v13).
\2T 11(11 1)

Ru
/)~(.v)f = [I D~(x0)f

2 ~ 1(x
11)]

‘I / R RnI!— — d(x , .v) +

2 V mi(r~ 1) 4(n I I

for P < 0. and

D~(.v0If I

1(v) = d(v11. .v) + 1(v0).
11~

I D~(.v)f D~(x11)I >0. for P = 0.
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Therefore,the exponentialmap exp~ : T~M” IR” -÷M” is a diffeomor-

phismand the geodesicspheresS” (x0, r) aroundx0 with radius r > 0 are the

level surfacesoff, which are (n — 1)-dimensionalsubmanifoldsof M”.

Now we are going to calculatethe pull back ~ = exp (g) of the metric g.
We denoteby ~ thevectorfield definedby

gradf(x)
,x~=x0.

II gradf(x) II
Wecompute

12 R 1
V~(gradu)=j_v_ ulX

Ln
2 2n(n—l) j

for any vector field X and conclude

[2 R 1
I—u— UI
[n2 2n(n — 1) j

= {X — g(X, ~II gradu II
This implies

(4.2) V~=o

Recalling that

C~+Q
9 =I~I

2ID~I2—~

is a constantandusingthat x
0 is a critical point off one obtainsC~ + =

= u(x0) v(x0).

Since

II gradu 112 = ±(uv — —

we arriveat

~~gradu~~
2= ~ (uu—u(x

0)u(x0)).

ForR <0 a simplecalculationshows

2 R
— v(x) — u(x) =

2n(n — 1)
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2 R ] ____

= —~ v(.v
11) --- u(x0) I cosh d(x0.x)

- mi 2n(n - I ) j “(ml -—- I

consequently,

/ R

= 1/ coth 1/ d(x) ,.v) X

~ n(n — 1) ~ n(mi 1)
holds for all vectors X C T1M”, .v ~ x0, orthogonalto ~(x1. In the caseR

a similar calculation shows

(4,4) V~~(x)= X
d(x0, x)

for all vectorsXE TM”, .v ~x0, orthogonalto ~(x).

We denoteby y1Cv) the integralcurves of~satisfyingthecondition y0(x) = x

Let ‘I’ : 5” (x0, 1) x (0. cc) 41” \ be the diffeomorphismgiven by
‘I’(x, t) = ‘y~ (‘.v). Using the formula (4.2).(4.3) and(4.4), wecompute

I R

sinir I! t
~ n(n -1)

= of n I . + dt’ if R <0

sinh
2 ~ S ~ Ii

and

= t2qf

5n ~(x,,1) +dt
2, if R = 0.

Applying the same argumentsas in the proof of Theorem 2 in [21,one ob-

tains that (M”, p1 is isometric to (IRa, ~), where~ is given in polar coordinates
by

— n(n — 1) ~
1/”T”~~’”

= — sinh I! ~ g,5,, - I ~ dt,
R ~ n(n — 1)

ifR<0,and

~I=t
2g~~ +dt2, ifR=O.

HereOs” -- i denotesthe standardmetric of the unitesphere5” - .

5. THE TWISTOR EQUATION ON WARPED PRODUCTS

Let (M2”, p1, ii ~ 2, be an Einsteinmanifold with scalar curvatureR ~ 0.
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Then the spinor bundle S of M
2” splits into two orthogonal subbundles

S = S’~’ a S Denoteby Ker 2~= (Ker~)‘~‘ a (Ker9.~)~theinduceddecompo-
sition of Ker ~ . Since (M2” , g) is anEinsteinmanifold,we have

D((Ker~)~)= (Ker1~’)~.

Let ~i~’}bea basis of (Ker~)“ and a basis of (Ker~) .Thus

D(~,h~t)=~D7k ~ and D(i,Li1=~D: i,1i.

Now fix a function f : IR1 -+( 0, cc) and considerthe Riemannianmanifold
(M2” x JR f(t)2g a dt2). The metricf(t)2g a dt2 is conformallyequivalentto

the metric g ‘B (f dt)2. We recall that i~i is a twistor spinor on M2” x JR with
respect to the metric go (f 1dt)2 if and only if V’7~p is a twistor spinor with

respect to the metric f(t)2 g ‘B dt2. -

Wefirst consider the metric g a(f dt)2 on M2” x JR.

Thenf(a/at) is a normalunit vectorfield on M2”.

Identifying M2” x {t } M2” for t E IR, we choose the spin structure of
M2” x JRso that

5IM2nX{t}=5=5~ a5, tEIR,

for the spinor bundleS of M2” x IR, wheref(a/at) actsonS by

a a
f — =i(— 1)” and f — =—i(— 1)”

at~. at
5

(see [2]).
Let ~1iE I”(S) be a twistor spinor on (M

2” x IR, g ‘B (r’dt)2). One easily
showsthat ‘~1’ M2 ‘~ {t} is a twistor spinoron (M2”, g) for arbitraryt E JR. Hence,

~‘ has the form

~(x, t) = ~(7(t) ~ +~ C~(t)~x)

with functionsCt C~ :IR-+ff.

LEMMA 5.1. Thefunctions C , Ck are given by

= — i(—l)” ~ C~ D~

2nf k
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1,

— C5D~k 2miJ’ ~ f jk’

Pm’ooj: From

~=~C~7+~ Ck ~k

we obtain

e. = V~~ + ~ C~e. V~

and

f— ~ ~ =f2 7(a/at) ~ =

=i(- l)”f~VC7~7-) ç,

where e 2n is a local orthonormal frame of M2” . Since i,L”~ and
are twistorspinorson M2”, we have

e. V~~7=— D(~ii)= ) D

7~ ~
1k

and

CiV5~k= ~

Hencewe arrive at

e. V5 ~ = ~ CtD/j ~+)C~ D~
1

“~ kj k,j

The twistor equationfor i~iimplies

c’, V~.~ =f
2 :~V~a/~t)~. i = I 2,;.

Now the desireddifferentialequationsfollow. U
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Now assumethat = Dfl,p
1t). ThenD~k =

6jk’ Futher,by meansof

Rn
D2~’=

‘ 2(2n—l) ~

we have

Rn
&k.kj 2(2n—l) ‘~

Consequently,the differentialequationsof Lemma5.1 become

—i(— l)”R
(5.1) C~ = C~

‘ 4(2n—l)f ‘

i(— 1)”
(5.2) C~=

2nf /

Differentiatingequation(5.1)andusingequation(5.2), we obtain

R f.
C’~——Ct

~ 8n(2n— flf2 / f ‘

We remarkthat the differentialequation

h f,
hi = c — -- —hi

f2 f

for a function h on JR with c E 1R, c ‘�‘ 0, andf JR -~ (0, cc) has the fundamental
solutions

h
1(t)= sin ~ f~~)

f(r)

(t dr

= cos VT~ I for c <0,

- f(r)

~ dr

and h1 (t) = sinh v”~

f(r)
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‘1

(IT
li~(I)= cosh for c> (3

- ‘il 1(T)

Altogetherwe proved

PROPOSIFION 5.2. Let (11 “. g), ii > 2, be an Einstein iiianit~ld ;t’ith .sc’alur

c’imrl’atum’e P ~ 0 Let ~ ~ C (Kc’r~)~he a basis ot(Ker.~ )‘ . ‘1/un

all tII’istoi’ .spinors oj thc’ Riemna,i,,ian mnamujold (412 P x JR. J’(t)
2 p ‘E di I. it’ll/i

I: JR —f (0. cc) arc’ give,; by

‘Pt

~(.v. I) = v’~) \ a/i (I) + h
1!,2 (t )~ ~.v)+

4(2n I) !‘ -

+ ) ~( t))
2 . i( 1)” —- -—- -~ a /i (I) + b Ii (I ) I)~ ‘lv),I-

wherea., h. C if are constantand

I1l(t5mn(~ J~(
2U-l3J ~).

‘I 1/’R ‘~ Jr
/i.jI) = cos — 1/——- —-— ~— for P <0, and

- 2 V 2n(2n — I) 1(T)

ii

1 / R f
t Jr

(t) = sinh — I/~ ----- -— I2 V 2m;(2m; -- H f(r)

I /~ f~ ci r
/,, (I) = cosh — 1/— ---- --‘ I for R > 0. U

2 V 2n (2i; 1) ) 1(T)

COROI,L.\RY 5.3. Lc’t (M2”, p1. ii > 2. bc an Einstein mnan(lold it/ti; .sc’alar cur-

i’atimmc’ R < 0 and lc’t ~ ~ C F(S’ ) bc’ a basisof (Ace ~ I’ . Suppose

that thc’rc’ is a point .v
0 C 41fl for while/i ~ ~ (.v1 ) ~í~,, (x0) C S~

as itch! a.s i),~i‘~ (x13 ) D,~i~,.(x0 ) C (S ) arc’ li,iearli’ dependent.

Choosea iiumnbc’r k C IN it’ll/i
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(~dr /~n(2n— 1)

I ~2kII it

f(r) P’ —R

for a functionf : JR -÷(0, cc).

Then there is a twistor spinor on the warped product(M
2” x IR, f(t)2 g’B dt2)

which vanishesat kpoints.

Pi’oof:~By the assumptions there exist non-trivial linearcombinations

~b
1i,1i7(x0)=O and~a1DiIi7(x0)=O.

Now considerthe twistor spinoron M
2” x JR definedby

~i(x, t) = ~ {a
1h~(t)+ b.h2(t)} ~t(x) +

4(2mi —1) —~
+ (~I7~t))~i(— 1)” R ~— ~ (t) + bh2(t)} D~7(x). U

Let (M
2” ~ g), n a’ 1, be an Einsteinmanifold with scalarcurvatureR ~ 0.

Denoteby S the spinor bundle of M2”~’ Let ~ ~L’~E F(S) be a basis

of Ker ~ SinceM2” “ is an Einsteinmanifold,we have

D(i,11j)=’~D.k “~‘k’

Using

2ii + 1
Rqi

1,
8n

we obtain

(2n + DR
D~Dk/ =

k 8ri

Identifying M
2~~ x {t} M2”’~ I for t E JR, we choosethe spin structure

so that

tEIR,
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‘IlL’ sr)mor bundle S of (.IE” + x JR. p ‘0 (1 dit )2 I. where the normal

lni~vector field! 1) ~t acts on S ‘Shy! dfdt (~ ~21 = ~ ~‘ (~2 ~ )(cf.

21i.
~\ow let ~ C r)S) be a twistor spinor on (.112/1 x JR. p f (,f cit ) ). Because

of ~ :., I • ‘~l~ ~ ), where and ~2 aretwistor spinorson (4J2P “ . p1

~ iS dlescrihechhs

~bv, I) = \ (.1(1) ~1Cv). B(t) ~.(x))

with functions .1,, B. JR —~if,

LI/tI/tI \ 5.4. Thc’ functions .4., B. aregivenhi’

Pt

i(~ I) -

.1= BD
)2n + I)f ~ k kj

--1)”
B.= AD...

)2n + l)f ~ A Aj

Proofl We have

e. = ~(A.e. . 7~j.,- Be. .

and

f~ V~~11~1~ =f
2 ~ ‘V~

1~=

= i(- 1)” f ~ (B1 ~, AM).

where e 2’i is a local orthonormalframe of M
2” + . From ~+. C Ker ~

we deduce

c. .

7S~ = ~ ~ _BIDIk~k).

Applying
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e. ~ =~
2 ~‘V~a/at)~

w~obtain the assertion. •

Differentiating the equationsof Lemma5.4, we see

R f,
A.= A-—A.

/ 8n(2n+l)f2 ‘ f /

and

R f,
B.= B——B..

/ 8n(2n+1)f2 /

Altogetherwe have

PROPOSITION 5.5. Let (M2 fl + I g), n ~ 1, be an Einsteinmanifoldwith scalar

curvatureR ‘�= 0. Let i~i ~ E Ker ~ be a basisofKer ~. Thenall twistor
spinorsof the warpedproduct

(M2”’~’ xlR,f(t)2gadt2), f:JR-+(0,oc),

are given by

~(x, t) =v~ ((a. h
1 (t) + b1 h2(t)) ~~(x),

(c.h1 (t) + ~ h2(t)) ~.(x))

wherea., b., c, d. E ~ areconstantscoupledby Lemma5.4, and

1 f~’R I’ dr
h1(t)=sin — L’ I —

2 V 2n(2n+ 1) J~ f(r)

I [—R 1’ dr
h2(t)=cos —Il I — forR<0,and

2 V2n(2n + 1) J f(r)

‘1.1 R I’ dr
h (t)=sjnh(— I! I —

I \2 V 2n(2n + 1) Jo f(r)

1 / R I’ cir
h2(t)=cosh — I!- I — forR>0.

2 V 2n(2n+ 1) J f(r)
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